In this paper, we introduce the concept of α-ψ-ξ-contractive mappings and β-ψ-ξ-contractive multifunctions and give some fixed point results for such mappings and multifunctions. We show that our fixed point result of α-ψ-ξ-contractive mappings is different from that of α-ψ-contractive mappings which has been proved recently by Samet, Vetro and Vetro.
Introduction
In recent years, there have appeared a number of fixed point results for multifunctions in metric spaces (see for example [2-4, 6, 7, 9] ). In 2012, Samet, Vetro and Vetro introduced the concept of α-ψ-contractive type mappings ( [8] ). Their work generalized many ordered fixed point results (see [8] ). Denote by Ψ the set of all functions ψ : [0, ∞) → [0, ∞) such that ∑ ∞ n=1 ψ n (t) < ∞ for all t > 0. Let (X, d) be a metric space, T a selfmap on X, α : X × X → [0, ∞) a function and ψ ∈ Ψ. Then, T is said to be α-ψ-contractive whenever α(x, y)d(Tx, Ty) ≤ ψ(d(x, y)) for all x, y ∈ X ( [8] ). Also, we say that T is α-admissible whenever α(x, y) ≥ 1 implies that α(Tx, Ty) ≥ 1 ( [8] ). Now, we say that T is an α-ψ-ξ-contractive selfmap whenever Now by using all obtained idea, we introduce the following notion. Let (X, d) be a metric space, T : X → 2 X a multifunction, β : 2 X × 2 X → [0, ∞) a mapping and ψ ∈ Ψ. We say that T is β-admissible whenever β(A, B) ≥ 1 implies β(Tx, Ty) ≥ 1 for all x ∈ A and y ∈ B, where A and B are subsets of X. Also, we say that a multifunction T is β-ψ-ξ-contractive multifunction whenever
for all x, y ∈ X, where H is the Hausdorff metric. Also, we say that the multifunction T is lower semicontinuous (briefly, LSC) at x 0 ∈ X whenever for each sequence {x n } with x n → x 0 and every y ∈ Tx 0 , there exists a sequence {y n } such that y n → y and y n ∈ Tx n for all n ( [5] ). Let (X, d) be a metric space, C a nonempty subset of X and x ∈ X. An element y 0 ∈ C is said to be a best approximation of x whenever
The set C is said to be a proximinal whenever every x ∈ X has at least one best approximation in C ( [1] ). It is known that, proximinal subsets are closed ( [1] ). Denote by P(X) the set of all proximinal subsets of X.
Main Results
Now, we are ready to state and prove our main results. Proof. Let x 0 ∈ X be such that α(x 0 , Tx 0 ) ≥ 1. Put x n+1 = Tx n for all n ≥ 0. If x n = x n+1 for some n, then we have nothing to prove. Assume that x n x n+1 for all n. Since T is α-admissible, it is easy to check that α(x n , x n+1 ) ≥ 1 for all n. Thus,
By using the triangular inequality, we obtain
Hence, {x n } is a Cauchy sequence. Since (X, d) is complete, there exists x * ∈ X such that x n → x * . Since T is continuous, Tx * = x * . This completes the proof. Now, we give the following example to show the difference of Theorem 2.1 and the first result of [8] .
Hence, T is an α-ψ-ξ-contractive selfmap. On the other hand, for y ≤ 7 6 x we have
Therefore, T is not α-ψ-contractive. Proof. Choose A ⊂ X and x 0 ∈ A such that β(A, Tx 0 ) ≥ 1. Define the sequence {x n } by x n+1 ∈ Tx n and d(x n , x n+1 ) = d(x n , Tx n ) for all n ≥ 0. If x n = x n+1 for some n, then we have nothing to prove. Assume that x n x n+1 for all n. Since T is β-admissible, x 0 ∈ A, x 1 ∈ Tx 0 and β(A, Tx 0 ) ≥ 1, we have β(Tx 0 , Tx 1 ) ≥ 1. By continuing this process it is easy to show that β(Tx n−1 , Tx n ) ≥ 1 for all n. Thus,
Thus, {x n } is a Cauchy sequence. Choose x * ∈ X such that x n → x * . Let y ∈ Tx * . Since T is LSC, there exists a sequence {y n } such that y n ∈ Tx n for all n and y n → y.
Now, we give the following example to show that there are multifunctions which satisfy the assumptions of Theorem 2.4. 
Now, by using the Archimedean property, there exists k
If we define ψ(t) = kt, then for all x, y ∈ X. Hence, T is a β-ψ-ξ-contractive multifunction. If A, B ⊂ X and β(A, B) ≥ 1, then A ⊂ C or B ⊂ C. Without loss of generality, suppose that A ⊂ C. Then, Tx ⊂ C for all x ∈ A and so β(Tx, Ty) ≥ 1 for all y ∈ B. Therefore, T is β-admissible. If x ∈ C, then Tx ⊂ C and so β(C, Tx) = 1. Now by using Theorem 2.4, T has a fixed point. Theorem 2.6. Let (X, d) be a complete metric space and T : X → P(X) a β-admissible and β-ψ-ξ-contractive multifunction such that β(A, Tx 0 ) ≥ 1 for some A ⊂ X and x 0 ∈ A. Also, suppose that β(Tx n−1 , Tx) ≥ 1 for all n whenever {x n } is a sequence in X such that β(Tx n−1 , Tx n ) ≥ 1 for all n and x n → x. Then T has a fixed point.
Proof. Choose A ⊂ X and x 0 ∈ A such that β(A, Tx 0 ) ≥ 1. Define the sequence {x n } by x n+1 ∈ Tx n and d(x n , x n+1 ) = d(x n , Tx n ) for all n ≥ 0. If x n = x n+1 for some n, then we have nothing to prove. Assume that x n x n+1 for all n. By using a similar technique in proof of Theorem 2.4, one can deduce that {x n } is a Cauchy sequence. Choose x * ∈ X such that x n → x * . Since β(Tx n−1 , Tx n ) ≥ 1 for all n, by using the assumption we obtain β(Tx n−1 , Tx * ) ≥ 1 for all n. Hence,
for all z ∈ Tx n−1 . But, we have
for all n. If ξ(x n−1 , x * ) = d(x n−1 , Tx * ), then we have
and if ξ(x n−1 , x * ) = d(x * , Tx n−1 ), then we have
These implies that d(x * , Tx * ) = 0 and so x * ∈ Tx * .
